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HEAT KERNEL ANALYSIS ON DIAMOND FRACTALS
PATRICIA ALONSO RUIZ
Abstract. This paper presents a detailed analysis of the heat kernel on an (N×N)-parameter
family of compact metric measure spaces, which do not satisfy the volume doubling property.
In particular, the Lipschitz continuity of the heat kernel and the continuity of the correspond-
ing heat semigroup are studied. Explicit bounds for the time-dependent Lipschitz constants
are provided and an specific example is computed, where a logarithmic correction appear. The
estimates are further applied to derive several functional inequalities of interest in describing
the convergence to equilibrium of the diffusion process.
1. Introduction
What can one get out of an explicit formula? The present paper illustrates how having an
explicit expression of the heat kernel can be used to extract information about the natural
diffusion process that occurs on a generalized diamond fractal. Generalized diamond fractals,
see Figure 1, arise as a generalization of a hierarchical lattice model that appears in the physics
and geometry literature [2, 38, 54]. They constitute a parametric family of compact metric
measure spaces, which despite presenting some non-standard geometric features, happen to
admit a rather explicit expression for its corresponding heat kernel [3].
Due to their wide range of applications, there is an extensive literature concerning the inves-
tigation of heat kernels from different points of view [29, 30, 36, 39, 40]. In this paper, we will
pay special attention to the rich interplay between analysis, probability and geometry that
comes into light through the study of functional inequalities and estimates related to them, see
e.g. [10,49] and references therein. One of the main reasons to investigate this type of questions
in the particular setting of generalized diamond fractals is that these spaces, which arise as in-
verse limits of metric measure graphs, see Figure 1, lack regularity properties such as volume
doubling or uniformly bounded degree, that are often assumed in the literature [13, 14, 23, 26].
In this regard, the investigations carried out here provide the starting point of a larger research
program, where diamond fractals may be considered as model spaces towards a classification of
inverse limit spaces by means of the heat semigroup. On the one hand, this would contribute
to the existing research carried out by Cheeger-Kleiner from a more purely geometric point of
view in [22,23]. On the other hand, some of this analysis may be transferred to direct limits of
metric measure graphs, so-called fractal quantum graphs [5].
With the aim of investigating how the measure-geometric properties of diamond fractals are
reflected in the analysis of the diffusion process, the Lipschitz continuity of the heat kernel
and the heat semigroup treated in Section 4 and Section 5 play a central role in this paper.
Some estimates for the heat kernel in a particular class of diamond fractals were discussed
2010 Mathematics Subject Classification. 35K08; 60J60; 60J45; 31C25; 28A80.
Key words and phrases. heat kernel; diffusion process; heat semigroup; Dirichlet form; inverse limit space;
fractals.
This research was partly supported by the Feodor-Lynen Fellowship program from the Alexander von Hum-
boldt Foundation.
1
2 PATRICIA ALONSO RUIZ
in [38, Section 4], however Lipschitz estimates remained unexplored. Dealing with this rather
non-standard setting makes much of the general abstract theory not directly applicable, and
being able to work with explicit expressions will become crucial to approach its analysis. In
the classical setting of a complete and connected Riemmanian manifold, the deep connection
between continuity estimates and curvature is displayed for instance in the so-called Bakry-
Émery curvature condition
|∇(Ptf)| ≤ e−CtPt(|∇f |).
The latter inequality is known to be equivalent to a bound of the Ricci curvature ofthe space [9,
45, 53]. In recent years, a significant amount of research has been carried out to characterize
curvature bounds in the context of metric measure spaces and Dirichlet spaces by means of
weak versions of the original Bakry-Émery condition, see e.g. [6, 7, 46, 51, 52].
In particular, the lack of the volume doubling property leaves generalized diamond fractals out
of the framework of Alexandrov spaces with curvature bounded from below treated in [35]. As
a first approach towards this question in our setting, we will thus investigate continuity bounds
in the lines of a so-called weak Barky-Émery curvature condition
|Ptf(x)− Ptf(y)| ≤ Cd(x, y)
κ
tκ/dw
‖f‖∞,
where κ > 0 and dw > 0 is the walk dimension of the space. This condition has lately been
introduced in [4] within the framework of Dirichlet spaces with heat kernel bounds. The most
concrete computable case we can treat with the methods presented in this paper, see Theo-
rem 5.6, reveals a logarithmic correction term of the type
|Ptf(x)− Ptf(y)| ≤ Cd(x, y)√
t
log
(d(x, y)√
t
)
‖f‖∞,
which resembles behavior observed in Liouville quantum gravity [8].
To further illustrate the applications of the continuity estimates obtained, we discuss in Sec-
tion 6 several functional inequalities related to the diffusion process. These are also interesting
on their own and sometimes will involve the Dirichlet form associated with the process. Hence
Section 3 will be devoted to the investigation of some relevant potential analytic properties
of the diffusion process. In particular, we find a very natural core of functions that consists
of “liftings” of functions in the approximating metric measure graphs, see Theorem 3.5. In
addition, Theorem 3.7 characterizes the Dirichlet form on the space as a suitable (Mosco) limit
of Dirichlet forms. These results are of a much more abstract nature and hold in a more general
setting that will be the subject of a forthcoming paper.
Once again, the explicit formula of the heat kernel will allow us to give rather accurate esti-
mates of the constants appearing in the inequalities discussed. Some of them, as for instance
the Poincaré inequalities in Theorem 6.4 and Theorem 6.6, are actually optimal due to the
properties of the Dirichlet form. Our interest in the constants lies in the fact that these may
become key in future investigations to determine whether (and in which sense) they character-
ize the geometry of the space. A Poincaré inequality as well as the ultracontractivity of the
semigroup had previously been obtained in [38] for a special class of diamond fractals enjoying
self-similarity. A generic diamond fractal may not be self-similar and we will thus approach
some proofs in a different way.
The logarithmic Sobolev inequality presented in Theorem 6.1 provides information about the
exponential convergence to the equilibrium of the diffusion process in terms of the entropy, given
by (6.1). This type of inequalities have also been proved to be related with the hypercontractivity
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of the heat semigroup in [37]. Global Poincaré inequalities like (6.6) provide further information
about the (exponential) convergence to equilibrium of the diffusion process, see e.g. [21, 24]
and [10, Chapter 4], whereas local Poincaré inequalites are usually studied in the context of
Sobolev spaces. Also noteworthy is the fact that generalized diamond fractals do not satisfy
the elliptic Harnack inequality. This was proved in [38] for a particular (self-similar) class of
diamond fractals; in general, it follows directly from the recent result [16, Theorem 3.11] since
generalized diamonds are not metric doubling, see [16] and references therein.
We close this introduction with two remarks: Firstly, the reader may already wonder, whether
these results could readily be extended to straightforwardly generalized constructions, such as
considering different branch lengths and numbers within each approximation level. These could
certainly be handled with the same techniques used in this paper. However, at the moment,
setting up a formula including all possibilities seems to result in a fairly long and possibly
painfully readable jungle of notation without providing greater insight. Secondly, we would
like to point out some directions that will be subject of further research. On the one hand,
the necessary condition 1 which is assumed throughout the paper goes in the lines to that
appearing in [18, Theorem 4.4]. This observation motivates the investigation of the connection
of diamond fractals to elliptic diffusions on infinite dimensional spaces. On the other hand,
by means of the so-called Wick rotation method, see e.g. [31], an explicit expression of the
heat kernel formally yields a formula for the free Schrödinger kernel that solves the equation
i∂tf = −∆f . The availability of such an expression for generalized diamond fractals opens
up the possibility of studying the rather unexplored subject of Schrödinger semigroups and
quantum waves on fractals [28, 33].
The paper is organized as follows: Section 2 starts with a brief review of the inverse limit con-
struction of generalized diamond fractals that was carried out in [3]. Some basic and practical
metric properties as well as the explicit expression of the heat kernel are also provided. In
Section 3, we investigate potential theoretical aspects of the diffusion process and its relation
with the inverse limit structure in terms of the infinitesimal generator and the Dirichlet form.
In particular, Theorem 3.5 provides a core of functions that will become especially useful in the
subsequent analysis. The main results of the paper are concentrated in Section 4 and Section 5.
Theorem 4.1 states the Lipschitz continuity (in space) of the heat kernel and Theorem (i) in-
vestigates the same bounds for the heat semigroup. We give an explicit lower bound of the
time-dependent constant and analyze its behavior for a particular class of diamond fractals,
where computations become more tractable, c.f. Theorem 5.6. Finally, in Section 6 we apply
the estimates obtained to study further properties of the semigroup and the diffusion process,
namely logarithmic Sobolev inequality, ultracontractivity and Poincaré inequalities.
2. Generalized diamond fractals
This section sets up notation and briefly reviews the construction of generalized diamond frac-
tals as inverse limits of metric measure graphs presented in [3]. We point out some metric
observations that will become useful when dealing with estimates in later sections, and sum-
marize the key results concerning the natural diffusion process associated with these spaces. In
particular, Lemma 2.4 and Theorem 2.5 restate crucial facts about the heat semigroup and the
heat kernel that are essential to the analysis carried out subsequently.
2.1. Inverse limit construction. A diamond fractal, see Figure 1, arises from a sequence
of metric measure graphs and is characterized by two parameter sequences J = {ji}i≥0 and
N = {ni}i≥0 that describe its construction. Each sequence indicates, respectively, the number
4 PATRICIA ALONSO RUIZ
of new vertices added from one graph to its next generation, and the number of additional
edges given to each vertex.
F0
B1
F1
B2
F2
B3
Figure 1. Approximations of a diamond fractal with parameters j1, n1 = 3, j2 = 2, n2 = 3.
Definition 2.1. Set J0 = N0 = 1. For any sequences J = {jℓ}ℓ≥0 and N = {nℓ}ℓ≥0, define
Ji :=
i∏
ℓ=1
jℓ, Ni :=
i∏
ℓ=1
nℓ and [ni] = {1, . . . , ni}
for each i ≥ 1, where jℓ, nℓ ≥ 2 for all ℓ ≥ 1.
The inverse system associated with a diamond fractal is built upon a sequence of metric measure
spaces (Fi, di, µi) that can be defined inductively in the following manner.
Definition 2.2. Let F0 := S1 denote the unit circle and set ϑ0 := {0, π}, B0 := ϑ0. For each
i ≥ 1, define ϑi :=
{
πk
Ji
| 0 < k < 2Ji, kmod ji 6≡ 0
}
, set B1 = B0 ∪ ϑ1 and
Bi := Bi−1 ∪ (ϑi × [n1]× . . .× [ni−1]) i ≥ 2.
For each i ≥ 1, we define
Fi := Fi−1 × [ni]/ i∼,
where xw
i∼ x′w′ if and only if x, x′ ∈ Bi.
The set Bi contains the identification (branching, junction) points that yield Fi and satisfies
Bi ⊆ Fi−1, see Figure 1. As a metric measure graph, each Fi can be regarded as the union of
branches (i-cells) isomorphic to intervals of length π/Ji that suitably connect the vertices in
Bi−1. The measure µi that is naturally induced on each Fi is obtained by redistributing the
mass of each branch in the previous level uniformly between its “successors”. The corresponding
(geodesic) distance di on Fi coincides with the Euclidean metric on each branch.
Following the construction scheme from Definition 2.2 one can produce a family of measurable
mappings φik : Fi → Fk, 0 ≤ k ≤ i, in such a way that the sequence {(Fi, µi, {φik}k≤i)}i≥0
defines an inverse (projective) system of measure spaces. We refer to [3, Section 2] for a precise
definition of inverse systems and of the mappings φik .
A generalized diamond fractal of parameters J and N will arise as the inverse (projective)
limit of the above-mentioned inverse system. In this way, the limit space (F∞, µ∞) is equipped
with a family of measurable “projection mappings”, Φi : F∞ → Fi, that will play a major role
in the construction of the associated diffusion process.
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F0 F1 · · · Fℓ · · · Fi · · · Fk · · · F∞
φiℓ
φkℓ
φki Φk
Figure 2. Projective system structure.
To fully realize a diamond fractal as a metric measure space, we discuss in the next paragraph
the metric that naturally comes along with the inverse limit construction.
2.2. Metric remarks. By definition, the graphs Fi are equipped with the geodesic metric di
induced by the Euclidean on each edge. The following observation describes how metrics in
different levels are related by means of the mappings φik described in the previous section, and
it justifies the definition of the metric on the limit space F∞. For ease of the notation, we write
for each i ≥ 1, φi := φi(i−1) : Fi → Fi−1.
Lemma 2.1. For any i ≥ 1 and x, y ∈ Fi it holds that
di−1(φi(x), φi(y)) ≤ di(x, y) ≤ di−1(φi(x), φi(y)) + 2π/Ji. (2.1)
Moreover, dk(φik(x), φik(y)) ≤ di(x, y) for any 0 ≤ k ≤ i.
Proof. Notice that the length of a branch in level i is π/Ji. Inequality (2.1) thus follows by
construction. Applying the left hand side of (2.1) repeatedly and using the fact that φik =
φk+1◦ · · · ◦φi yield
dk(φik(x), φik(y)) = dk(φk+1(φi(k+2)(x)), φk+1(φi(k+2)(y))) ≤ dk+1(φi(k+2)(x), φi(k+2)(y))
≤ . . . ≤ di−1(φi(x), φi(y)) ≤ di(x, y).

These metrics di also satisfy a chain property that will be particularly useful to compute
estimates in later sections.
Lemma 2.2. For any x, y ∈ Fi there exist z1, . . . , zmxy ∈ Bi with 1 ≤ mxy ≤ Ji and such that
di(x, y) = di(x, z1) +
mxy−1∑
ℓ=1
di(zℓ, zℓ+1) + di(zmxy , y).
As a direct consequence of Lemma 2.1, for any x, y ∈ F∞ the sequence {di(Φi(x),Φi(y))}i≥0
converges uniformly and we may thus define
d∞(x, y) = lim
i→∞
di(Φi(x),Φi(y)) (2.2)
to be the natural metric that carries the inverse limit structure of the generalized diamond F∞.
Definition 2.3. Let J = {jℓ}ℓ≥0 and N = {nℓ}ℓ≥0 be sequences with j0 = n0 = 1 and
jℓ, nℓ ≥ 2. The generalized diamond fractal of parameters J and N is defined to be the inverse
limit of the system {(Fi, di, µi, {φik}k≤i)}i≥0. If jℓ = j and nℓ = n for some j, n ≥ 2 and all
ℓ ≥ 1, we say that the generalized diamond fractal is regular.
We finish this paragraph by observing that (2.1) together with the fact that the mappings Φi
are surjective readily implies the convergence in the pointed measured Gromov-Hausdorff sense
of the inverse system; c.f. [23, Proposition 2.17].
Proposition 2.3. A generalized diamond fractal (F∞, d∞, µ∞) is the inverse limit and the
limit in the pointed measured Gromov-Hausdorff sense of {(Fi, di, µi)}i≥0.
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2.3. Diffusion process and heat kernel. Barlow and Evans proved in [15] the existence
of a diffusion process associated with an inverse limit. Following a procedure from [17], it
was proved in [3] that for a very large class of parameter sequences, it is actually possible to
provide a rather explicit expression of the heat kernel associated with the natural diffusion on
a diamond fractal; see Theorem 2.5. This paragraph summarizes the results obtained in [3];
their application in the analysis of the process and its heat kernel are the main object of study
in the present paper.
The class of generalized diamond fractals that will be covered consists of all those whose asso-
ciated parameter sequences N = {ni}i≥0 and J = {ji}i≥0 satisfy the following condition.
Assumption 1. There exists t∗ > 0 such that
lim
i→∞
Nie
−J2i t <∞ ∀ 0 < t < t∗. (2.3)
We will therefore assume (2.3) from now on throughout the paper.
Many of the results presented in the subsequent sections will involve the L2-semigroups as-
sociated with the diffusion processes on each Fi and F∞, which we denote by {PFit }i≥0 and
{PF∞t }i≥0, respectively. The next lemma provides an intertwining property that relates these
semigroups with the mappings
Φ∗i : L
2(Fi, µi) −→ L2(F∞, µi) (2.4)
f 7−→ f ◦ Φi,
and will be applied crucially in several occasions.
Lemma 2.4. [3, Lemma 3, Corollary 4] The family of operators {PF∞t }t≥0 is a strongly con-
tinuous Markov semigroup on L2(F∞, µ∞) that satisfies the strong Feller property. Moreover,
for any i ≥ 0,
PF∞t Φ
∗
i f = Φ
∗
iP
Fi
t f ∀ f ∈ L2(F∞, µ∞). (2.5)
Later on, we will investigate several estimates and functional inequalities where the heat kernel
associated with {P∞t }t≥0 appears. The formula presented below will become an especially
useful tool that will allow us to perform computations and provide rather explicit estimates.
Theorem 2.5. [3, Theorem 2,Theorem 3] The heat kernel pF∞t : (0,∞) × F∞ × F∞ → [0,∞)
of the intrinsic diffusion process on F∞ is jointly continuous and can be written as
pF∞t (x, y) = lim
i→∞
pFit (Φi(x),Φi(y)),
where pFit (x, y) is the heat kernel on Fi, which is given by

p
Fi−1
t
(φi(x), φi(y)) if y=y1,
p
Fi−1
t (φi(x), φi(y))−Ni−1Ji
(
pF0
J2
i
t
(Jiφi0(x), Jiφi0(y))−pF0J2
i
t
(Jiφi0(x),−Jiφi0(y))
)
if y=y2,
p
Fi−1
t (φi(x), φi(y))+Ni−1(ni−1)Ji
(
pF0
J2
i
t
(Jiφi0(x), Jiφi0(y))−pF0J2
i
t
(Jiφi0(x),−Jiφi0(y))
)
if y=y3.
The possible pair-point configurations (x, y) ∈ Fi are described in Figure 3.
The different pair-point configurations for x and y that can be found correspond to the case that
both points belong to different branches in different “bundles” (y = y1), to different branches
in the same “bundle” (y = y2) and to the same branch (y = y3).
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x
y1
y2
y3
Figure 3. Possible pair-point configurations in F1 (j1 = 3 and n1 = 3).
With the recursive formula provided in Theorem 2.5 on hand, one can work out a closed
expression of pFit (x, y) in terms of the heat kernel on the unit circle p
F0
t (x, y). The formula
reads
pFit (x, y) = p
F0
t
(
φi0(x), φi0(y)
)
+
iix∑
ℓ=1
δxy(nℓ)Nℓ−1Jℓ
(
pF0
J2ℓ t
(
φi0(x), φi0(y)
)−pF0
J2ℓ t
(
φi0(x),−φi0(y)
))
,
where ixy := max0≤k≤i{φik(x), φik(y) belong to the same bundle} and
δ(i)xy (n) =
{
n− 1 if φi,ixy(x), φi,ixy(y) same branch,
−1 if φi,ixy(x), φi,ixy(y) same bundle, different branch.
Thus, since the definition of inverse limit implies that φik(Φi(x)) = Φk(x) for any k ≥ 0, the
previous expression yields a closed formula for the heat kernel on a generalized diamond.
Corollary 2.6. The heat kernel on F∞ is given by
pF∞t (x, y) = p
F0
t
(
Φ0(x),Φ0(y)
)
+
iix∑
ℓ=1
δxy(nℓ)Nℓ−1Jℓ
(
pF0
J2ℓ t
(
Φ0(x),Φ0(y)
)−pF0
J2ℓ t
(
Φ0(x),−Φ0(y)
))
,
where ixy := maxi≥0{Φi(x),Φi(y) belong to the same bundle} and
δxy(n) =
{
n− 1 if Φixy(x),Φixy(y) same branch,
−1 if Φixy(x),Φixy(y) same bundle, different branch.
The heat kernel on the unit circle and on an interval of the form [0, π/Ji] will appear in many
computations; some estimates and facts about them are recorded in Appendix B. In particular,
in view of (B.3), the formula in Corollary 2.6 can also be expressed as
pFit (x, y) = p
F0
t
(
Φ0(x),Φ0(y)
)
+
ixy∑
ℓ=1
δxy(nℓ)Nℓ−1p
[0,π/Jℓ]D
t (Φ0(x),Φ0(y)).
3. Infinitesimal generator and Dirichlet form
As a strongly continuous Markov semigroup on L2(Fi, µi), each {PFit }t≥0, i = 1, . . . ,∞ has
an associated infinitesimal generator and a Dirichlet form, which we will denote by LFi and
(EFi ,FFi) respectively. In particular the semigroup and the Dirichlet form will appear in the
functional inequalities discussed in the subsequent sections. The present section aims to record
several properties of interest and to serve as motivation and the starting point for a forthcoming
paper, where these questions will be analyzed in the more general setting of inverse limit spaces.
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3.1. Liftings and projections. The mappings Φ∗i , i ≥ 0, which provided the intertwining
relation between the semigroups {PF∞t }t≥0 and {PFit }t≥0 displayed in (2.5) will play a major
role in the subsequent discussion.
Proposition 3.1. Let i ≥ 0 and Φ∗i : L2(Fi, µi)→ L2(F∞, µ∞) be defined as in (2.4).
(i) For each i ≥ 0, Φ∗i is an isometry.
(ii) The space C0 :=
⋃
i≥0Φ
∗
iC(Fi) is dense in L
2(F∞, µ∞).
Proof. These statements follow by the definition of Φ∗i , see e.g. [3, Proposition 2]. 
Definition 3.1. For each i ≥ 0, let Πi : L2(F∞, µ∞)→ L2(Fi, µi) be the left inverse of Φ∗i , i.e.
(a) 〈Πif, fi〉L2(Fi,µi) = 〈f,Φ∗i fi〉L2(F∞,µ∞) for any f ∈ L2(F∞, µ∞), fi ∈ L2(Fi, µi);
(b) ΠiΦ
∗
i fi = fi for any fi ∈ L2(Fi, µi).
While Φ∗i may be understood as a “lifting”, its left inverse Πi is in fact a projection mapping.
In the next lemma, we prove some of its most relevant properties.
Proposition 3.2. For any i ≥ 0 and f ∈ L2(F∞, µ∞),
(i) ‖Πif‖L2(Fi,µi) ≤ ‖f‖L2(F∞,µ∞);
(ii) ‖f‖L2(F∞,µ∞) = limi→∞ ‖Πif‖
2
L2(Fi,µi)
.
Proof. (i) Since Πi is the left inverse of Φ∗i , applying Cauchy-Schwartz we have
‖Πif‖2L2(Fi,µi) = 〈Πif,Πif〉L2(Fi,µi) = 〈f,Φ∗i f〉L2(F∞,µ∞)
≤ ‖f‖L2(F∞,µ∞)‖Φ∗iΠif‖L2(F∞,µ∞) = ‖f‖L2(F∞,µ∞)‖Πif‖L2(F∞,µ∞).
(ii) Again by Cauchy-Schwartz,∣∣ ‖f‖2L2(F∞,µ∞) − ‖Πif‖2L2(Fi,µi)∣∣ = ∣∣〈f, f − Φ∗iΠif〉L2(F∞,µ∞)∣∣
≤ ‖f‖L2(F∞,µ∞)‖f − Φ∗iΠif‖L2(F∞,µ∞).
Recall from Proposition 3.1 that C0 is dense in L2(F∞, µ∞). Let thus {fi}i≥0 be a sequence such
that fi ∈ C(Fi) and Φ∗i fi i→∞−−−→ f in L2. Then, using the triangular inequality, the isometry
property of Φ∗i , the definition of left inverse and part (i) of the present proof we get
‖f − Φ∗iΠif‖L2(F∞,µ∞) ≤ ‖f − Φ∗i f‖L2(F∞,µ∞) + ‖Φ∗i (f −Πif)‖L2(F∞,µ∞)
≤ ‖f − Φ∗i f‖L2(F∞,µ∞) + ‖Φ∗i f − f‖L2(F∞,µ∞) (3.1)
which vanishes as i→∞.

In particular, (ii) in the latter proposition implies the convergence of the L2-spaces L2(Fi, µi)
as introduced in [43, Definition 2.1], see also [44]: a sequence of Hilbert spaces {Hi}i≥0 is said
to converge to another Hilbert space H if there exists a dense subspace C ⊂ H and a sequence
of operators Ai : C → Hi such that
‖f‖H = lim
i→∞
‖Aif‖2Hi (3.2)
for every f ∈ C. Convergence in our setting follows by choosing H = L2(F∞, µ∞), Hi =
L2(Fi, µi), C = C0 and Ai = Πi.
Corollary 3.3. The sequence of spaces {L2(Fi, µi)}i≥0 converges to L2(F∞, µ∞).
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We finish this paragraph by analyzing the combined action of the lifting Φ∗i , the semigroup
{PFit }t≥0 and the projection Πi through the operator Φ∗iPFit Πi : L2(F, µ)→ L2(F, µ). This will
be useful later, in particular to derive the Mosco convergence of the associated Dirichlet forms.
Lemma 3.4. For any t ≥ 0, the sequence of bounded operators {Φ∗iPFit Πi}i≥0 converges strongly
in L2(F∞, µ∞) to PF∞t . In particular, the convergence is uniform in any finite time interval.
Proof. By virtue of Lemma 2.4 and the contraction property of the semigroup PF∞t , for any
f ∈ L2(F∞, µ∞) we have
‖Φ∗iPFit Πif − PF∞t f‖L2(F∞,µ∞) = ‖PF∞t Φ∗iΠif − PF∞t f‖L2(F∞,µ∞) ≤ ‖Φ∗iΠif − f‖L2(F∞,µ∞).
The latter tends to zero as i → ∞ in view of (3.1). The convergence is independent of t ≥ 0
and hence uniform on any finite interval. 
3.2. Infinitesimal generator. In our particular setting, the finite approximations Fi are met-
ric graphs. Thus, for finite indexes i ≥ 0, the operator LFi with domain DFi corresponds with
the standard Laplacian studied in quantum graphs/cable systems; see e.g. [11, 19]. In this
paragraph we focus on the properties of the generator LF∞ and its domain DF∞ , which can be
obtained from the results in the previous paragraph.
Finding an explicit characterization of the domain is usually a delicate and difficult question.
Luckily, for many purposes it will be enough to have a suitable dense set of functions at hand.
The next theorem provides a natural core of functions for LF∞ , i.e. a subspace D0 of the domain
DF∞ with the property that the closure of the restriction LF∞ |D0 coincides with LF∞ .
Theorem 3.5. For each i ≥ 0, let DFi denote the domain of infinitesimal generator LFi. The
space D0 :=
⋃
i≥1Φ
∗
iDFi is a core for the infinitesimal generator (LF∞ ,DF∞).
Proof. Let f ∈ D0. Then, f = Φ∗ih for some h ∈ DFi and i ≥ 0. By Lemma 2.4,
PF∞t f = P
F∞
t Φ
∗
ih = Φ
∗
iP
Fi
t h ∈ Φ∗iDFi ⊆ D0. (3.3)
We have thus proved that PF∞t : D0 → D0. Furthermore, C∞(Fi) is dense in C(Fi) as well as
in DFi for each i ≥ 1, so Proposition 3.1 implies that
⋃
i≥1 Φ
∗
iC
∞(Fi), hence D0, is dense in
L2(F∞, µ∞). By virtue of [32, Proposition 3.3] D0 is a core for the infinitesimal generator of
PF∞t . 
In other words, any function f ∈ DF∞ can be approximated by a sequence {fi}i≥0 ⊆ D0 so
that ‖f − fi‖L2(F∞,µ∞) → 0 and ‖LF∞f − LF∞fi‖L2(F∞,µ∞) → 0 as i→∞.
We can now use the previous paragraph to describe the relation between the lifting and pro-
jection maps and the inifinitesimal generator.
Corollary 3.6. For each f ∈ D0, there exists {fi}i≥0 with fi ∈ DFi such that
Φ∗i fi
i→∞−−−→ f and Φ∗iLFifi i→∞−−−→ LF∞f
hold in L2(F∞, µ∞).
Proof. Apply Lemma 3.4 to [42, Theorem 2.5]. 
Remark 3.1. In view of [42, Theorem 2.5], the latter result, or equivalently Lemma 3.4,
provides an analogous statement for the resolvent, that already appeared in [15, Theorem 4.3].
Further spectral properties of the infinitesimal generator LF∞ can be derived from the more
abstract setting discussed in [50, Section 5].
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3.3. Dirichlet form. The Dirichlet form associated with {PF∞t }t≥0 is given by
EF∞(f, f) = lim
t→0
1
t
〈f − PF∞t f, f〉L2(F∞,µ∞)
FF∞ = {f ∈ L2(F∞, µ∞) | EF∞(f, f) exists and is finite},
see e. g. [10, Definition 1.7.1]. As for the infinitesimal generator, also the Dirichlet forms
(EFi ,FFi) with finite index i may also be expressed in terms of cable systems/quantum graphs,
c.f. [3, Remark 7 (i)]. The main result in this paragraph is the generalized Mosco convergence
of the finite level Dirichlet forms to (EF∞ ,FF∞). We recall from [44, Definition 2.11], see
also [25, Definition 8.1], that the sequence of quadratic forms (EFi ,FFi) Mosco converges to
(EF∞ ,FF∞) in the generalized sense if
(M1) For any sequence {fi}i≥0 with fi ∈ L2(Fi, µi) such that Φ∗i fi i→∞−−−→ f ∈ L2(F∞, µ∞)
weakly in L2(F∞, µ∞) it holds that
EF∞(f, f) ≤ lim inf
i→∞
EFi(fi, fi);
(M2) For any f ∈ L2(F∞, µ∞) there exists fi ∈ L2(Fi, µi) such that Φ∗i fi i→∞−−−→ f strongly in
L2(F∞, µ∞) and
lim sup
i→∞
EFi(fi, fi) ≤ EF∞(f, f).
Combining the results from the previous paragraphs we can state several properties of the
Dirichlet form.
Theorem 3.7. For the Dirichlet form (EF∞ ,FF∞) associated with {PF∞t }t≥0 it holds that
(i) (EF∞ ,FF∞) is the generalized Mosco limit of {(EFi ,FFi)}i≥0,
(ii) D0 is a core for (EF∞ ,FF∞).
(iii) For any i ≥ 1 and h ∈ DFi , EF∞(Φ∗ih,Φ∗i h) = EFi(h, h);
(iv) For any f ∈ FF∞ there exists {fi}i≥0 ⊂ D0 such that
EF∞(f, f) = lim
i→∞
EFi(fi, fi). (3.4)
(v) (EF∞ ,FF∞) is local and regular.
Proof. (i) This follows from Lemma 3.4 and [42, Theorem 2.5].
(ii) In view of Theorem 3.5, D0 is a core for (E ,F).
(iii) Notice that Φ∗ih ∈ D0. By Lemma 2.4, for any t > 0
1
t
〈Φ∗ih− PF∞t Φ∗ih,Φ∗i h〉L2(F,µ) =
1
t
〈Φ∗i h− Φ∗iPFit h,Φ∗i h〉L2(F,µ) =
1
t
〈h− PFit h, h〉L2(Fi,µi).
Letting t→ 0 we obtain EF∞(Φ∗ih,Φ∗i h) = EFi(h, h).
(iv) By density, for any f ∈ FF∞ there exists a sequence {Φ∗i fi}i≥0 ⊆ D0 ⊂ C(F∞) that
approximates f in L2(F∞, µ∞), where fi ∈ C(Fi). Now, (i) and (ii) yield
EFi(fi, fi) = EF∞(Φ∗i fi,Φ∗i fi) i→∞−−−→ EF∞(f, f). (3.5)
(v) Since C0 ⊆ FF∞ ∩ C(F∞), the regularity follows from (ii). Thus, (EF∞ ,FF∞) is local
because (EFi ,FFi) are, see also [50, Theorem 4.1].

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4. Continuity estimates of the heat kernel
The main focus of this section will be the study of the continuity in space of the heat kernel
pF∞t (x, y). By itself, the (joint) continuity of the heat kernel could be derived in [3] by an
indirect argument. The new estimates that we obtain in Theorem 4.1 provide a direct proof and
substantially improve the previous statement: the heat kernel pF∞t (x, y) is Lipschitz continuous
and the Lipschitz constant can be bounded explicitly. In addition, Theorem 4.1 provides bounds
of the uniform norm.
Theorem 4.1. For each fixed t > 0, the heat kernel pF∞t : F∞ × F∞ → [0,∞) is
(i) Lipschitz continuous in space. The Lipschitz constant satisfies
CL(t) ≤ 2
π
∞∑
ℓ=0
Nℓ
(
J2ℓ +
1
2t
)
e−J
2
ℓ t. (4.1)
(ii) uniformly bounded in space with
‖pt(·, ·)‖∞ ≤ 1
2π
+
1√
4πt
+
∞∑
ℓ=1
Nℓmin
{ 1√
πt
,
2
Jℓπt
e−J
2
ℓ t
}
. (4.2)
Since pFit (x, y) converges uniformly to p
F∞
t (x, y), see [3, Remark 8], the estimates will follow
from the corresponding ones in the finite approximation case by taking the limit i →∞. The
next paragraphs are devoted to the proof of the results at the finite level.
Remark 4.1. The series in (4.2) and (4.1) converge due to the standing Assumption 1, that
is, in particular, equivalent to limℓ→∞Nℓe−J
2
ℓ t = 0 for all t > 0.
For the ease of the notation and to remain consistent with the one appearing in [3], throughout
this section and specially in the proofs, we will set θx := φi0(x) for any x ∈ Fi and θx := Φ0(x)
if x ∈ F∞.
4.1. Lipschitz continuity. Proof of Theorem 4.1(i). The recursive nature of the proof of
the formula for the heat kernel pFit (x, y), see Theorem 2.5, will be used to prove its continuity.
The bound on the Lipschitz constant will thus rely on a recursive argument, which starts by
studying the case i = 1. With this purpose, different pair-point configurations, summarized in
Figure 4, will need to be analyzed.
x
y1
y2
(a) y and y′ belong to bundles different than
the one of x.
x
y1
y2
(b) y and y′ belong different branches in the
bundle of x.
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x
y1
y2
(c) y and y′ belong to the same branch as x.
x
y1
y2
z0
(d) y1 and y2 in a generic position.
Figure 4. Basic pair-point configurations.
Proposition 4.2. For each t > 0, the heat kernel pF1t (x, y) is Lipschitz continuous in space
and its Lipschitz constant satisfies
C
(1)
L (t) ≤
2
π
[(
1 +
1
2t
)
e−t + n1
(
j21 +
1
2t
)
e−j
2
1t
]
.
Proof. Since pF1t (x, y) is symmetric, it suffices to prove that, for fixed x ∈ F1 and t > 0,
|pF1t (x, y)− pF1t (x, y′)| ≤ C(1)L (t)d1(y, y′).
By virtue of Lemma 2.2 and the triangular inequality, a generic configuration as in Figure 4d
will be covered by any of the basic cases shown in Figures 4a through 4c.
(a) Each y and y′ belong to bundles that are different than the one x belongs to, see Figure 4a.
In view of the expression of pF1t (x, y) and Lemma 2.1 we have (recall θx := φi0(x))
|pF1t (x, y)− pF1t (x, y′)| = |pF0t (θx, θy)− pF0t (θx, θy′)|
≤ 1
π
∞∑
k=1
e−k
2t| cos (k(θy − θx))− cos (k(θy′ − θx))|
≤ 1
π
∞∑
k=1
e−k
2tk|θy − θy′ | ≤
( 1
π
∞∑
k=1
ke−k
2t
)
d1(y, y
′)
≤ 1
π
(
e−t +
∫ ∞
1
ξe−ξ
2tdξ
)
d1(y, y
′) =
1
π
(
1 +
1
2t
)
e−td1(y, y′).
(b) Each of y and y′ belong to a different branch than x but from the same bundle than x, see
Figure 4b. Then,
|pF1t (x, y) − pF1t (x, y′)| ≤ |pF0t (θx, θy)− pF0t (θx, θy′)|+ |p[0,L1]Dt (θx, θy)− p[0,L1]Dt (θx, θy′)|.
The first term can be estimated as in the case (i). For the second term we have
|p[0,L1]Dt (θx, θy)− p[0,L1]Dt (θx, θy′)| ≤
2
L1
∞∑
k=1
e
− k2π2
L2
1
t∣∣∣ sin(kπθy
L1
)
− sin
(kπθy′
L1
)∣∣∣
≤
(2j21
π
∞∑
k=1
ke−k
2j21t
)
d0(φ1(y), φ1(y
′))
≤ 2
π
(
j21e
−j21t +
∫ ∞
1
j21ξe
−ξ2j21tdξ
)
d1(y, y
′)
=
2
π
(
j21e
−j21t +
1
2t
e−j
2
1t
)
d1(y, y
′).
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(c) Finally, if both y and y′ belong to the same branch as x, see Figure 4c, then
|pF1t (x, y)− pF1t (x, y′)| ≤ |pF0t (θx, θy)− pF0t (θx, θy′)|+ (n1 − 1)|p[0,L1]Dt (θx, θy)− p[0,L1]Dt (θx, θy′)|
which reduces to the previous case with an extra factor (n1 − 1) in the second summand.

The previous proposition serves both as guideline and first step to prove by induction the
corresponding estimate for the Lipschitz constant in a generic finite level.
Theorem 4.3. For any t > 0, the heat kernel pFit (x, y) is Lipschitz continuous in space and
the Lipschitz constant satisfies
C
(i)
L (t) ≤
2
π
i∑
ℓ=0
Nℓ
(
J2ℓ +
1
2t
)
e−J
2
ℓ t. (4.3)
Proof. We argue by induction, the case i = 1 being Proposition 4.2. Again, by virtue of the
triangular inequality it suffices to prove
|pFit (x, y1)− pFit (x, y2)| ≤ C(i)L (t)di(y1, y2)
for any fixed t > 0, x ∈ Fi and y1, y2 such that (x, y1) and (x, y2) have the same pair-point
configuration. Indeed, if (x, y1) and (x, y2) are of different type, we can always choose z0 ∈ Bi
such that di(y1, y2) = di(y1, z0) + di(z0, y2) and consider z0 each time as belonging to the
particular cell for which (x, z0) and (x, y1) are of the same type, and (x, z0) and (x, y2) are of
the same type, see Figure 4d. Let us thus assume that C(i−1)L (t) admits a bound like (4.3).
(i) If (x, y) and (x, y′) are both of the first type, see Figure 4a, the expression of the heat kernel
and Lemma 2.1 yield
|pFit (x, y1)− pFit (x, y2)| = |pFi−1t (φi(x,φi(y1))− pFi−1t (φi(x), φi(y2))|
≤ C(i−1)L (t)di−1(φi(y1), φi(y2)) ≤ C(i−1)L (t)di(y1, y2).
(ii) If (x, y1) and (x, y2) are both of the second type, see Figure 4b, then
|pFit (x, y1)− pFit (x, y2)| ≤ |pFi−1t (φi(x, φi(y1))− pFi−1t (φi(x), φi(y2))|
+Ni−1|p[0,Li]Dt (θx, θy1)− p[0,Li]Dt (θx, θy2)|.
The first term can be estimated as in the case (i). For the second term we have from the proof
of the case i = 1 in Proposition 4.2 (substituting L1 by Li) and Lemma 2.1 that
|p[0,Li]Dt (θx, θy1)− p[0,Li]Dt (θx, θy2)| ≤
2
π
(
J2i e
−J2i t +
1
2t
e−J
2
i t
)
di(y1, y2).
(iii) The case when (x, y1) and (x, y2) are both of the third type, see Figure 4c, reduces to the
previous case with an extra factor (ni − 1).
Putting all estimates together and using the induction hypothesis we have
|pFit (x, y) − pFit (x, y′)| ≤
(
C
(i−1)
L (t) +
2
π
Ni
(
J2i e
−J2i t +
1
2t
e−J
2
i t
))
di(y1, y2)
=
( 2
π
i∑
ℓ=0
Nℓ
(
J2ℓ +
1
2t
)
e−J
2
ℓ t
)
di(y1, y2)
as we wanted to prove 
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4.2. Uniform norm. Proof of Theorem 4.1(ii). Once again, recursion will allow us to
obtain a uniform bound for the heat kernel pFit (x, y) on any finite level. Because F0 corresponds
to the unit circle, we will make use of some standard estimates for the heat kernel, which are
recorded in Appendix B.
Proposition 4.4. For any i ≥ 1 and each fixed t > 0 it holds that
‖pFit (·, ·)‖∞ ≤
1
2π
+
1√
4πt
+
i∑
ℓ=1
Nℓmin
{ 1√
πt
,
2
Jℓπt
e−J
2
ℓ t
}
. (4.4)
Proof. For any i ≥ 1 and any x, y ∈ Fi, notice that |pFit (x, y)| is largest when x and y belong to
the same branch. Using the expression of pFit (x, y) from Theorem 2.5, by virtue of (B.2) and
Lemma B.2 we get
|pFit (x, y)| ≤ |pFi−1t (φi(x), φi(y))|+Ni−1(ni − 1)|p[0,Li]Dt (θx, θy)|
≤ ‖pFi−1t (·, ·)‖∞ +
2
π
Ni−1(ni − 1)Ji
∞∑
k=1
e−J
2
i k
2t
≤ ‖pFi−1t (·, ·)‖∞ +
Ni√
πt
min
{
1,
2
Ji
√
πt
e−J
2
i t
}
.
Since pF0t (x, y) corresponds to the heat kernel on a circle, Lemma B.3 and recursion yield (4.4).

Remark 4.2. The right hand side of (4.2) provides an on-diagonal upper bound of heat kernel.
5. Continuity estimates of the heat semigroup
As mentioned in the introduction, the aim of this section is to study the continuity of {PF∞t }t≥0
and its connections to geometry, in particular in the lines of the so-called weak Barky-Émery
curvature condition wBE(κ), where 0 < κ < dw and dw > 0 stands for the walk dimension.
This condition reads
|PF∞t f(x)− PF∞t f(y)| ≤ C
d∞(x, y)κ
tκ/dw
‖f‖∞ ∀ f ∈ L∞(F∞, µ∞) (5.1)
and we refer to [4] for further details and functional analytic consequences in the context of
Dirichlet spaces. In the main result of the section, Theorem 5.1, we compute an explicit bound
for the continuity constant, which we investigate in detail for the regular case, c.f. Theorem 5.6.
On each approximation level, Proposition 5.5 shows that the condition (5.1) is satisfied with
κ = 1 and dw = 2. While the latter was expected because each Fi is a one-dimensional object,
Theorem 5.6 hints that the situation in the limit is more delicate.
Theorem 5.1. For any t > 0, f ∈ L∞(F∞, µ∞) and x, y ∈ F∞,
|PF∞t f(x)− PF∞t f(y)| ≤ C(t) d∞(x, y) ‖f‖∞, (5.2)
where
C(t) ≤ 2
∞∑
ℓ=0
min
{ 2√
πt
,
(
Jℓ +
1
2Jℓt
)
e−J
2
ℓ t
}
. (5.3)
Remark 5.1. It is worthwhile pointing out that the estimate is independent of the parameter
sequence N that gives the number of copies (“parallel universes”, as named in [15]) of a level
that give rise to the next.
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Remark 5.2. Notice that Assumption 1 guarantees that for each fixed t > 0 the quantity C(t)
is finite, c.f. Remark 4.1. However it gives no further information about the question, whether
C(t) ∼ t−α (5.4)
for all t > 0 and some α > 0. In the particular case of a regular diamond with parameters n
and j it is known, see e.g. [1], that dw = 2 and hence one would expect α = 1/2. A result in
this direction is discussed at the end of the section in Theorem 5.6. It suggests the presence
of logarithmic corrections at small times in the same lines as [8]. A complete answer will be
subject of future research.
The proof of Theorem 5.1 relies once again on the corresponding result for the approximating
spaces Fi and the argument is presented in detail at the end of the section. We will thus
start by proving the weak Bakry-Émery condition (5.1) on a finite approximation Fi. Recall
that, to obtain the Lipschitz continuity of the heat kernel in Section 4 it was necessary to
distinguish several pair-point configurations. One could well expect an analogous case study
being necessary as well. Fortunately, the “chain property” provided in Lemma 2.2 turns out
crucial to reduce the computations to the case of pair of points that belong to the same branch.
As in the previous section, we continue using the notation θx := φi0(x) for any x ∈ Fi, i ≥ 1
and θx := Φ0(x) if x ∈ F∞.
5.1. Key lemma. The following estimate will be applied several times throughout the proof
of the steps that yield to the main result. To be consistent with [3], we will write Li := π/Ji.
Lemma 5.2. Let i ≥ 0. For any x, y ∈ Fi and t > 0,∫ Li
0
Ji|pF0J2i t(Jiθ, Jiθx)− p
F0
J2i t
(Jiθ, Jiθy)| dθ ≤ min
{ 2√
πt
,
(
Ji +
1
2Jit
)
e−J
2
i t
}
|θx − θy|. (5.5)
In view of the relation (B.3), Lemma 5.2 readily implies another useful inequality.
Corollary 5.3. Let i ≥ 1. For any f ∈ L∞(Fi),∫ Li
0
|(p[0,Li]Dt (θ, θx)− p[0,Li]Dt (θ, θy))f(θ)| dθ ≤ 2min
{ 2√
πt
,
(
Ji +
1
2Jit
)
e−J
2
i t
}
‖f‖∞|θx − θy|.
Proof of Lemma 5.2. The strategy consists in estimating the left hand side of (5.5), which we
denote by I, with both representations of the heat kernel pF0t (x, y) given in (B.1).
(a) Using the first representation in (B.1),
I :=
1√
4πt
∫ Li
0
∣∣∣∑
k∈Z
(
e
− (Jiθ−Jiθx−2πk)2
4J2
i
t − e−
(Jiθ−Jiθy−2πk)2
4J2
i
t
)∣∣∣ dθ. (5.6)
Applying the triangular inequality,
√
4πtI ≤
∫ Li
0
∑
k∈Z
∣∣∣e− (Jiθ−Jiθx−2πk)24J2i t − e− (Jiθ−Jiθy−2πk)
2
4J2
i
t
∣∣∣ dθ
=
∫ Li
0
∣∣∣e− (Jiθ−Jiθx)24J2i t − e− (Jiθ−Jiθy)
2
4J2
i
t
∣∣∣ dθ + ∫ Li
0
∑
k≥1
∣∣∣e− (Jiθ−Jiθx−2πk)24J2i t − e− (Jiθ−Jiθy−2πk)
2
4J2
i
t
∣∣∣ dθ
+
∫ Li
0
∑
k≥1
∣∣∣e− (Jiθ−Jiθx+2πk)24J2i t − e− (Jiθ−Jiθy+2πk)
2
4J2
i
t
∣∣∣ dθ =: I1 + I2 + I3.
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Without loss of generality, let us assume that θx ≤ θy. For the first integral term we have
I1 ≤
∫ Li
0
∣∣∣ ∫ θy
θx
Jiθ − Jiρ
2Jit
e
− (Jiθ−Jiρ)
2
4J2
i
t dρ
∣∣∣ dθ ≤ ∫ Li
0
∫ θy
θx
|θ − ρ|
2t
e−
(θ−ρ)2
4t dρ dθ
=
∫ θy
θx
∫ ρ
0
−θ − ρ
2t
e−
(θ−ρ)2
4t dθ dρ+
∫ θy
θx
∫ Li
ρ
θ − ρ
2t
e−
(θ−ρ)2
4t dθ dρ
=
∫ θy
θx
[
e−
(θ−ρ)2
4t
]ρ
0
dρ+
∫ θy
θx
[
− e− (θ−ρ)
2
4t
]Li
ρ
dρ
=
∫ θy
θx
(
1− e− ρ
2
4t
)
dρ+
∫ θy
θx
(
1− e− (Li−ρ)
2
4t
)
dρ
≤ 2|θy − θx|.
Moreover, recall that θx, θy ∈ [0, Li) for any x, y ∈ Fi. Hence, for any k ≥ 1, θ ∈ [θx, θy] and
ρ ∈ [0, Li), the quantity θ − ρ− 2kLi ≤ Li − 2kLi is nonpositive. Thus,
I2 ≤
∫ Li
0
∑
k≥1
∣∣∣ ∫ θy
θx
2(Jiθ − Jiρ− 2πk)
4Jit
e
− (Jiθ−Jiρ−2πk)
2
4J2
i
t dρ
∣∣∣ dθ
≤
∫ θy
θx
∑
k≥1
∫ Li
0
|θ − ρ− 2πk/Ji|
2t
e−
(θ−ρ−2πk/Ji)2
4t dρ dθ
=
∫ θy
θx
∑
k≥1
∫ Li
0
−θ − ρ− 2kLi
2t
e−
(θ−ρ−2kLi)2
4t dρ dθ
≤
∫ θy
θx
∫ Li
0
∫ ∞
0
−θ − ρ− ξ
2t
e−
(θ−ρ−ξ)2
4t dρ dθ
=
1
Li
∫ θy
θx
∫ Li
0
e−
(θ−ρ)2
4t dρ dθ ≤ |θx − θy|
Analogously, because θ − ρ+ 2kLi ≥ Li + 2kLi > 0 for any k ≥ 1, we obtain
I3 ≤
∫ θy
θx
∫ Li
0
∑
k≥1
θ − ρ+ 2kLi
2t
e−
(θ−ρ+2kLi)2
4t dρ dθ ≤ |θx − θy|.
Adding up these estimates leads to
I ≤ 1√
4πt
(I1 + I2 + I3) =
2√
πt
|θx − θy|. (5.7)
(b) Using the second representation of the heat kernel pF0t (x, y) in (B.1) we write
I :=
Ji
π
∫ Li
0
∣∣∣∑
k≥1
e−k
2J2i t
(
cos(kJi(θx − θ))− cos(kJi(θy − θ))
)∣∣∣ dθ.
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Then, since Li = π/Ji we have
I ≤ Ji
π
∫ Li
0
∑
k≥1
e−k
2J2i t| cos(kJi(θx − θ))− cos(kJi(θy − θ))| dθ
≤ Ji
π
∫ Li
0
∑
k≥1
e−k
2J2i tkJi|θx − θy| dθ = JiLi
π
|θx − θy|
∑
k≥1
e−k
2J2i tkJi
≤ |θx − θy|
(
Jie
−J2i t +
∫ ∞
1
Jiξe
−ξ2J2i tdξ
)
=
(
Jie
−J2i t +
1
2Jit
e−J
2
i t
)
|θx − θy| = e−J2i t
(
Ji +
1
2Jit
)
|θx − θy|. (5.8)
The assertion now follows from (5.7) and (5.8). 
5.2. First induction step. The weak Bakry-Émery condition (5.1) with κ = 1 and dw = 2
is obtained on each finite approximation Fi by an inductive argument and this paragraph is
devoted to the first induction step. The “chain property” from Lemma 2.2 will allow us to
reduce the analysis to pairs of points x, y ∈ F1 that belong to the same branch, see Figure 4c.
The notation appearing in the proof for the first time follows [3] and is briefly recalled in
Appendix A.
Proposition 5.4. For any t > 0, f ∈ L∞(F1) and x, y ∈ F1,
|PF1t f(x)− PF1t f(y)| ≤ C1(t) d1(x, y)‖f‖∞, (5.9)
where
C1(t) ≤ 2
1∑
ℓ=0
min
{ 2√
πt
,
(
Jℓ +
1
2Jℓt
)
e−J
2
ℓ t
}
. (5.10)
Proof. By virtue of the triangular inequality and [3, Proposition 3], see also Lemma A.1, we
have (recall θx := φi0(x))
|PF1t f(x)− PF1t f(y)| ≤ |PF0t (I1f)(θx)− PF0t (I1f)(θy)|
+ |P [0,L1]Dt (P⊥1 f)|Iαx (θx)− P [0,L1]Dt (P⊥1 f)|Iαy (θy)| = D1 +D2. (5.11)
Let us first assume that x, y ∈ F1 belong to the same branch. Applying Lemma 5.2 with
L0 = 2π and J0 = 1 leads to
D1 ≤ ‖I1f‖∞
∫ L0
0
|pF0t (θ, θx)− pF0t (θ, θy)| dθ ≤ min
{ 2√
πt
,
(
1 +
1
2t
)
e−t
}
‖f‖∞|θx − θy|.
Notice that αx = αy because x and y belong to the same branch. By virtue of Corollary 5.3
we thus have
D2 = |P [0,L1]Dt (P⊥1 f)αx(θx)− P [0,L1]Dt (P⊥1 f)|Iαx (θy)|
≤
∫ L1
0
|(P⊥1 f)αx(θ)||p[0,L1]Dt (θ, θx)− p[0,L1]Dt (θ, θy)| dθ
≤ 2min
{ 2√
πt
,
(
J1 +
1
2J1t
)
e−J
2
1 t
}
‖P⊥1 f‖∞|θx − θy|
≤ 2min
{ 2√
πt
,
(
J1 +
1
2J1t
)
e−J
2
1 t
}
‖f‖∞d1(x, y).
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Putting both estimates together we get
|PF1t f(x)− PF1t f(y)| ≤ C1(t)|θx − θy|‖f‖∞ = C1(t)d1(x, y)‖f‖∞
with C1(t) as in (5.9), where the last equality holds because x and y belong to the same branch
and hence |θx−θy| = d0(φ1(x), φ1(y)) = d1(x, y). Suppose now that x and y belong to different
branches. By construction, there exists a sequence of nodes x1, . . . , zN ∈ B1 with 1 ≤ N ≤ J1
that joins them and such that d1(x, y) = d1(x, z1) +
∑N−1
ℓ=1 d1(xℓ, xℓ+1) + d1(zN , y). Each pair
of points in the summands belong to the same branch, hence applying the triangular inequality
and estimating each term as in the previous case the assertion follows. 
5.3. Generic approximation level. The recursive nature of the construction of Fi is reflected
in the proof of the weak Bakry-Émery condition for an arbitrary level.
Proposition 5.5. Let i ≥ 1. For any t > 0, f ∈ L∞(Fi) and x, y ∈ Fi,
|PFit f(x)− PFit f(y)| ≤ Ci(t)di(x, y)‖f‖∞, (5.12)
where
Ci(t) ≤ 2
i∑
ℓ=0
min
{ 2√
πt
,
(
Jℓ +
1
2Jℓt
)
e−J
2
ℓ t
}
(5.13)
Proof. Let i ≥ 2. Applying [3, Proposition 3], see Appendix A, and the triangular inequality
we have
|PFit f(x)− PFit f(y)| ≤ |PFi−1t (Iif)(φi(x))− PFi−1t (Iif)(φi(y))|
+ |P [0,Li]Dt (P⊥i f)|Iαx (θx)− P [0,Li]Dt (P⊥i f)Iαy (θy)| = Di,1 +Di,2. (5.14)
To estimate these terms, let us assume first that x, y ∈ Fi belong to the same branch. By
hypothesis of induction, there is a constant Ci−1(t) > 0 such that
Di,1 ≤ Ci−1(t)‖f‖∞ di−1(φi(x), φi(y)) = Ci−1(t) di(x, y)‖f‖∞, (5.15)
where the last equality is due to the fact that
di(x, y) = di−1(φi(x), φi(y)) = |θx − θy|. (5.16)
when x and y are in the same branch.
On the other hand, αx = αy because x and y belong to the same branch, hence Corollary 5.3
and (5.16) yield
Di,2 = |P [0,Li]Dt (P⊥i f)|Iαx (θx)− P [0,Li]Dt (P⊥i f)|Iαx (θy)|
≤
∫ L1
0
|(P⊥i f)αx(θ)||p[0,Li]Dt (θ, θx)− p[0,Li]Dt (θ, θy)| dθ
≤ 2min
{ 2√
πt
,
(
Ji +
1
2Jit
)
e−J
2
i t
}
‖f‖∞|θx − θy|
= 2min
{ 2√
πt
,
(
Ji +
1
2Jit
)
e−J
2
i t
}
‖f‖∞di(x, y).
Putting both estimates together we obtain
|PFit f(x)− PFit f(y)| ≤
(
Ci−1(t) + 2min
{ 2√
πt
,
(
Ji +
1
2Jit
)
e−J
2
i t
})
‖f‖∞di(x, y) (5.17)
for x and y in the same branch. Suppose now that x, y ∈ Fi belong to different branches.
By construction, see Lemma 2.2, we find a sequence of identification points z1, . . . , zNxy ∈ Bi
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connecting the two branches so that di(x, y) = di(x, z1)+di(z1, z2)+. . .+di(zNxy , y). Moreover,
the points in each pair can be regarded as belonging to the same branch. Thus, applying the
triangular inequality and the previous computations to each of the terms yields again (5.17).
Finally, solving the recursive inequality Ci(t) ≤ Ci−1(t) + 2min
{
2√
πt
,
(
Ji +
1
2Jit
)
e−J2i t
}
with
C1(t) as in (5.10) gives (5.13). 
5.4. Continuity estimates in the limit. Proof of Theorem 5.1. We are now ready to
apply Proposition 5.5 to obtain the estimate (5.2). Once more we see the important role that
the intertwining property (2.5) plays in order to “pass to the limit”. Notice that, by virtue of
Proposition 3.7, it suffices to prove the statement for functions f ∈ C0 =
⋃
i≥0 Φ
∗
iC(Fi).
Let x, y ∈ F∞ and f ∈ C0, for instance f ∈ Φ∗iC(Fi) for some i ≥ 0. This means that there
exists h ∈ C(Fi) so that f = h◦Φi. By virtue of Lemma 2.4 and Theorem 5.5 we have
|PF∞t f(x)− PF∞t f(y)| = |PF∞t Φ∗ih(x)− PF∞t Φ∗ih(y)| = |Φ∗iPFit h(x)− Φ∗iPFit h(y)|
= |PFit h(Φi(x))− PFit h(Φi(y))| ≤ Ci(t) di(Φi(x),Φi(y)) ‖h‖∞. (5.18)
Since d∞(x, y) = limi→∞ di(Φi(x),Φi(y)), c.f. (2.2), letting i→∞ yields (5.2).
5.5. Regular case. As mentioned at the beginning of the section, as far as computations
allow for regular diamond fractals, the estimates obtained in Theorem 5.5 and Theorem 5.1
only allow so far to achieve local continuity estimates with logarithmic corrections. Notice that
any regular diamond fulfills assumption 1. This paragraph is devoted to proving the following
result.
Theorem 5.6. Let F∞ denote a regular diamond fractal of parameters n, j ≥ 2. There exists
CF∞ > 0 such that for any f ∈ L∞(F∞) and x, y ∈ F
|PF∞t f(x)− PF∞t f(y)| ≤ CF∞
d∞(x, y)√
t
log
(d∞(x, y)√
t
)
‖f‖∞ (5.19)
for any 0 < t < 12d∞(x, y).
Proof. To simplify constants which do not depend on Jℓ, Nℓ or t, we will estimate the quantity
Ci(t) appearing in (5.12) by
Ci(t) ≤ 2
i∑
ℓ=0
min
{ 1√
t
,
(
Jℓ +
1
Jℓt
)
e−J
2
ℓ t
}
(5.20)
for any i = 1, . . .∞. Since d∞(x, y)t−1/2 > 2 and in the regular case Jℓ = jℓ, we can choose
ℓ0 ≥ 1 so that jℓ0 < d(x, y)t−1/2 ≤ jℓ0+1, i.e.
ℓ0 ≤ 1
log j
log
d∞(x, y)√
t
≤ ℓ0 + 1.
Thus, the constant C(t) from (5.3) can be now estimated as
C(t) ≤ 2√
t
(ℓ0 + 2) + 2
∞∑
ℓ≥ℓ0+2
(
jℓ +
1
jℓt
)
e−ℓ
2t
≤ 6√
t
ℓ0 + 2
∫ ∞
ℓ0+1
(
jξ +
1
jξt
)
e−tj
ξ2
dξ
≤ 6√
t
ℓ0 + 2
∫ ∞
1
log j
log
d∞(x,y)√
t
(
jξ +
1
jξt
)
e−tj
ξ2
dξ
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Applying the substitution η = jξ , i.e. ξ = log ηlog j yields
C(t) ≤ 6√
t log j
log
(d(x, y)√
t
)
+ 2
∫ ∞
d(x,y)/
√
t
(
η +
1
ηt
)
e−tη
2 1
η log j
dη
=
6√
t log j
log
(d(x, y)√
t
)
+
2
log j
∫ ∞
d(x,y)/
√
t
e−tη
2
dη +
2
log j
∫ ∞
d(x,y)/
√
t
1
η2t
e−tη
2
dη
=
6√
t log j
log
(d(x, y)√
t
)
+
√
π
log j
d(x, y)√
t
+
2
e log j
d(x, y)√
t
. (5.21)
Using the fact that F is compact and log(d∞(x, y)/
√
t) > log 2, we conclude
C(t) ≤ 1√
t
log
(d∞(x, y)√
t
)( 6
log j
+
√
π diamF∞
log j log 2
+
2diamF∞
e log j log 2
)
hence Theorem 5.1 yields (5.19) with
CF∞
6
log j
+
√
π diamF∞
log j log 2
+
2diamF∞
e log j log 2
.

6. Applications. Functional inequalities
In order to further analyze the diffusion process on a generalized diamond fractal and gain
information about its properties from different points of view, this section investigates several
functional inequalities that can be obtained applying the estimates from the previous sections.
Special attention will be paid to constants, which will be provided rather explicitly. Our
main motivation to do so is the wish to recognize in the future to what extent they encode
the particular geometric features of the space. In the next paragraphs we discuss in detail
a logarithmic Sobolev inequality, c. f. Theorem 6.1, the ultracontractivity of the semigroup
in Theorem 6.2, and two versions of Poincaré inequalities, see Theorem 6.4 and Theorem 6.6.
6.1. Logarithmic Sobolev inequality. This inequality provides information about the (ex-
ponential) convergence to the equilibrium of the diffusion process in terms of the entropy,
defined as
Entµ∞(f) :=
∫
F∞
f log f dµ∞ −
∫
F∞
f dµ∞ log
(∫
F∞
f dµ∞
)
(6.1)
for any non-negative function f ∈ F ∩ L1(F∞, µ∞) ∩ L∞(F∞); see [10, Chapter 5.2].
Theorem 6.1. For any non-negative function f ∈ FF∞ ∩L1(F∞, µ∞)∩L∞(F∞) it holds that
f2 log f ∈ L1(F∞, µ∞) and
Entµ∞(f
2) ≤MN,J (δ) EF∞(f, f) (6.2)
for any δ > 0, where
MN,J (δ) := 2δ + log
( 1
2π
+
1√
4πδ
+ π
∞∑
ℓ=1
Nℓmin
{
1,
2
Jℓ
√
πδ
e−J
2
ℓ δ
})
and N , J are the parameter sequences of F∞.
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Proof. Let f ∈ FF∞ ∩ L1(F∞, µ∞) ∩ L∞(F∞). Applying Theorem 4.1(ii) and the Cauchy-
Schwartz inequality we have
|PF∞t f(x)| ≤
∫
F∞
|f(y)|pF∞t (x, y)µ∞(dy)
≤
(∫
F∞
|f(x)|2pF∞t (x, y)µ∞(dy)
)1/2(∫
F∞
pF∞t (x, y)µ∞(dy)
)1/2
≤
√
‖pF∞t (·, ·)‖∞ ‖f‖L2(F∞,µ∞)
≤ exp
(1
2
log
( 1
2π
+
1√
4πt
+
1√
πt
i∑
ℓ=1
Nℓmin
{
1,
2
Jℓ
√
πt
e−J
2
ℓ t
}))
‖f‖L2(F,µ).
For any δ > 0 define
M˜(δ) :=
1
2
log
( 1
2π
+
1√
4πδ
+
i∑
ℓ=1
Nℓmin
{ 1√
πδ
,
2
Jℓπδ
e−J
2
ℓ δ
})
.
Notice that this function is continuous and monotone decreasing (as δ increases). It thus follows
from [27, Theorem 2.2.3] that f2 log f ∈ L1(F∞, µ∞) and for all δ > 0,∫
F∞
f2 log f dµ∞ ≤ δEF∞(f, f) + M˜(δ)
∫
F∞
f2dµ∞ +
∫
F∞
f2dµ∞ log ‖f‖L2(F∞,µ∞)
which is equivalent to
Entµ∞(f
2) ≤ 2δEF∞(f, f) + 2M˜ (δ)
∫
F∞
f2dµ∞. (6.3)
In view of the global uniform Poincaré inequality from Theorem 6.4, in particular by (6.7), we
have that ‖f‖2L2(F∞,µ∞) ≤ EF∞(f, f) and hence
Entµ∞(f
2) ≤ 2(δ + M˜(δ))EF∞(f, f). (6.4)

6.2. Ultracontractivity. As a first direct application of the estimates obtained in Theo-
rem 4.1, we prove in this paragraph the ultracontractivity of {PF∞t }t≥0. Different (equivalent)
formulations of this property can be found in the literature, see e.g. [10, 20, 27, 41], and we
consider here that of Davies [27, Chapter 2]: we say that {PF∞t }t≥0 is contractive if it is a
bounded operator from L2(F∞, µ∞) to L∞(F∞) for all t > 0. We are thus interested in the
operator norm
‖PF∞t ‖2→∞ := sup
{‖PF∞t f‖∞ : ‖f‖L2(F∞,µ∞) = 1}
and more precisely in the rate of decay of this quantity as the time t gets larger. For further
equivalent formulations in terms of Dirichlet forms (e.g. Nash inequality) we refer to [20, 27]
and also [10, Theorem 6.3.1].
Theorem 6.2. For any t > 0 it holds that
‖PF∞t ‖2→∞ ≤
1√
2π
+
1√
2t
(
1 +
∞∑
ℓ=1
2Nℓmin
{
1,
2
Jℓ
√
πt
e−J
2
ℓ t
})
. (6.5)
22 PATRICIA ALONSO RUIZ
Proof. For any f ∈ L2(F∞, µ∞), applying the Cauchy-Schwartz inequality and since µ∞(F∞) =
2π we have that
|PF∞t f(x)| ≤
∫
F∞
|f(y)|pF∞t (x, y)µ∞(dy) ≤ ‖pF∞t (·, ·)‖∞
√
2π‖f‖L2(F∞,µ∞).
Thus, Theorem 4.1(ii) yields (6.5). 
A similar computation shows that ‖PF∞t ‖1→∞ can be bounded by (4.2). In the case of a regular
j-n diamond, it implies the following estimate, which was obtained without explicit constant
in [38, Proposition 4.9] for j = n = 2.
Corollary 6.3. On a regular diamond with parameters j and n for some j, n ≥ 2 it holds that
‖PF∞t ‖1→∞ ≤
1
t
C(j, n) ∀ t ∈ (0, 1),
where in particular
C(j, n) ≤
{
1
2π +
1√
4π
+ 2π +
2
πj log j if j = n,
1
2π +
1√
4π
+ 2nπj +
2j
πn log(j/n) if j 6= n.
Proof. Indeed, for t ∈ (0, 1) we have
‖PF∞t ‖1→∞ ≤
1
t
( t
2π
+
√
t
2
√
π
+
∞∑
ℓ=1
min
{nℓ√t√
π
,
2nℓ
jℓπ
e−j
2ℓt
})
≤ 1
t
( 1
2π
+
1
2
√
π
+
2n
πj
+
2
π
∫ ∞
1
(n
j
)ξ
e−j
2ξtdξ
)
.
A bit of calculus (here we used Mathematica) shows that the integral term can be estimated
by 1j log j if n = j and by
2j
πn log(j/n) otherwise. 
Remark 6.1. Besides of obtaining explicit bounds for the constant in (6.5), the proof does not
require Poincaré’s inequality, as happened in the regular case provided in [38, Proposition 4.9].
6.3. Poincaré inequalities. In this paragraph we will establish a uniform global Poincaré
inequality, c.f. Theorem 6.4, and a uniform local Poincaré inequality for a suitable type of
(open) balls, see Theorem 6.6. The term uniform is employed here to underline the fact that
the constants appearing in the inequalities are independent of the parameter sequences J and
N . The local version will involve the part of the Dirichlet form (EF∞ ,FF∞) on the ball in
place of the integral over the ball of the squared gradient, which in this framework has a less
straight-forward construction. In both versions we will be able to provide optimal constants.
6.3.1. Uniform global Poincaré. We start by presenting the classical (global) Poincaré type
inequality. The ultracontractivity proved in Theorem 6.2 will allow us to adapt an argument
from [38, Proposition 4.8] for the self-similar case of a (2-2) regular diamond to obtain the
result in our general (non self-similar) framework.
Theorem 6.4. A diamond fractal F∞ with parameters J and N satisfies the uniform global
Poincaré inequality ∫
F∞
|f − f |2 dµ∞ ≤ EF∞(f, f) (6.6)
for any f ∈ FF∞ , where f = 12π
∫
F∞ f dµ∞.
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Proof. First, since F∞ is compact and has finite measure, ultracontractivity implies (see e.g. [27,
Theorem 2.1.5]) that PF∞t is compact on L
p(F∞, µ∞) for any 1 ≤ p ≤ ∞ and t > 0. In view
of [10, Theorem A.6.4], the resolvent UF∞λ = (λI − LF∞)−1 is thus compact for all λ > 0 and
that the essential spectrum of LF∞ is empty. Therefore, all eigenvalues are isolated and there
is a spectral gap, i. e.
0 < λ1 = inf
f∈FF∞
f 6=const
EF∞(f, f)
‖f‖2
L2(F∞,µ∞)
. (6.7)
Moreover, since {PF∞t }t≥0 is conservative, c.f. Lemma 2.4, 1 ∈ FF∞ and for any h ∈ FF∞
EF∞(1, h) = lim
t→0
1
t
〈1− PF∞t 1, h〉L2(F∞,µ∞) = 0.
Applying the polarization identity we get, for any f ∈ FF∞ ,
EF∞(f − f, f − f) = EF∞(f, f) + EF∞(f , f)− 2EF∞(f, f) = EF∞(f, f)
which combined with (6.7) yields
‖f − f ‖2L2(F∞,µ∞) ≤
1
λ1
EF∞(f, f).
Finally, the lowest non-zero eigenvalue λ1 corresponds to the eigenvalue of the infinitesimal
operator LF0 , that is the Laplacian on the circle F0. This follows e.g. from [44, Proposition 2.5]
and also [50, Theorem 5.3]. Hence, λ1 = 1. 
Remark 6.2. It may be possible to prove the global Poincaré inequality (6.8) without using
ultracontractivity by exploiting the recursive structure of EFi . We have preferred the present
proof because it readily provides the optimal constant.
6.3.2. Uniform local Poincaré. In this paragraph we prove a local Poincaré inequality for open
balls centered at branching points. In this case, the word uniform has a double meaning: On
the one hand, as in the previous paragraph, the constant that appears in the inequality is
independent of the parameter sequences J and N . On the other hand, the constant is always
the same multiple of the radius of the ball. In the latter sense, this terminology has been used
for instance in [47, 48].
The question about existence and properties of a gradient in this setting is left to future study
and therefore the Poincaré inequality in Theorem 6.6 is given in terms of the part of the
Dirichlet form (EF∞ ,FF∞). For the general definition and properties of the part of a Dirichlet
form on a Borel set we refer e.g. to [34, Section 4.4]. Here, we will make use of the following
characterization of this form, that is available in our particular setting.
Lemma 6.5. Let O ⊂ F∞ denote an open ball. The part of (EF∞ ,FF∞) on O is the Dirichlet
form (EF∞O ,FF∞O ) given by
FF∞O = {C(F∞) ∩ FF∞ : supp f ⊆ O}
EF∞1 ,
EF∞O (f, g) = EF∞(f, g) f, g ∈ FF∞O ,
where EF∞1 (f, f) = EF∞(f, f) + ‖f‖2L2(F∞,µ∞). Moreover, it is a regular Dirichlet form on
L2(B,µ∞) and
CO = {C(F∞) ∩ FF∞ : supp f ⊆ O}
is a core.
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Proof. Recall from Proposition 3.7 that (EF∞ ,FF∞) is regular. By virtue of [34, Problem 1.4.1]
a special standard core is C(F∞)∩FF∞ . Since O is open, the lemma follows from [34, Theorem
4.4.3]. 
We can now estate an optimal local Poincaré inequality in the spirit of [12, Definition 2.1].
In the following we use the notation BFi(x, r) to denote an open ball in the topology of Fi of
radius r > 0 centered at x ∈ Fi. Recall from Definition 2.2 that Bi denotes the set of branching
points at level i and Ji counts the least number of branching points between the two ends of a
half-circle.
Theorem 6.6. Let Oi := Φ−1i (BFi(x0, ri)) with x0 ∈ Bi and ri := π/Ji for some i ≥ 1. A
diamond fractal of parameters J and N satisfies∫
Oi
|f − fOi |2 dµ∞ ≤ Ψ(Oi) EF∞Oi (f, f) ∀ f ∈ FF∞Oi , (6.8)
where Ψ(Oi) = 2/Ji and fOi = 1µ∞(Oi)
∫
O f dµ∞.
Notice Oi open because Φi continuous. The proof of this inequality is broken down into several
steps, which we discuss in the following. The main idea consists in finding a well-suited function
f ∈ FOi that satisfies ∫
Oi
f2 dµ∞ =
2
Ji
EF∞Oi (f, f)
and showing by contradiction that the latter equality cannot hold with a lower constant.
Step 1. In view of Lemma 6.5, it suffices to prove (6.8) for functions f ∈ COi .
Step 2. For simplicity we consider x0 ∈ Bi \Bi−1, i.e. Oi is centered at a branching point born
in generation i. In this manner, at that level there are ni branches starting and ni ending at
x0, see Figure 5.
x0
Figure 5. The point x0 ∈ B2 has ni = 3 branches on each side at level 2.
Set ri := π/Ji and define the sets
A+x := {α ∈ Ai : ϕα(ri) = x0} A−x := {α ∈ Ai : ϕα(0) = x0}
that index incoming (A+x0) respectively outgoing (A−x0) branches and set Ax0 := A+x0 ∪ A−x0 .
Step 3. Due to the construction of F as an inverse limit, the mappings {Φi}i≥0 are continuous
and we have that Φk
(
B(x0, ri)
)
= BFk(Φk(x0), ri) = BFk(x0, ri) ⊂ Fk for any k ≥ i. Thus, for
any function f ∈ COi such that f = Φ∗i fi with fi ∈ C(Fi),∫
Oi
f dµ∞ =
∫
Φ−1i (BFi (x0,ri))
Φ∗i fi dµ∞ =
∫
BFi(x0,ri)
fi dµi. (6.9)
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Moreover, the open ball is the union of the (open) branches of Fi that contain x, i.e.
BFi(x0, ri) =
⋃
α∈Ax0
Iα. (6.10)
Step 4. Let us now consider the following function hi ∈ C(Fi): Outside of BFi(x0, ri) it is
zero. On each branch Iα with α ∈ A+x0 it is the eigenfunction of the one-dimensional Laplacian
on the interval with Neumann boundary conditions at 0 and Dirichlet boundary conditions at
ri that is associated with the lowest non-zero eigenvalue. On branches Iα with α ∈ A−x0 it is
defined by reflection, see Figure 6.
0
0
Figure 6. The function hi is zero in the blue part, and an eigenfunction with the
corresponding boundary conditions on the red part.
By construction, hi is an eigenfunction of the Laplacian LFi supported on the ball BFi(x0, ri)
with the lowest possible eigenvalue.
Lemma 6.7. The function hi ∈ C(Fi) has zero average and satisfies∫
BFi (x,ri)
h2i dµi =
2
Ji
EFi(hi, hi). (6.11)
Proof. By construction, for any α ∈ A+x0 and β ∈ A−x0 we have
∫
Iα
hi dµi = −
∫
Iβ
hi dµi hence
hi has average zero. Moreover hi satisfies the conditions
(hi)α(0) = 0 = (hi)β(ri) and (hi)α(0) = (hi)β(ri) (6.12)
for any α ∈ A+x0 and β ∈ A−x0 , as well as∑
α∈A−x0
(hi)
′
α(0) +
∑
α∈A−x0
(hi)
′
α(ri) = 0. (6.13)
Using these relations, supphi ⊆ BFi(x0, ri) and (6.10) we have
EFi(hi, hi) = λi
∑
α∈Ax0
1
Ni
∫ Li
0
((hi)
′
α)
2dθ =
∑
α∈Ax0
λi
Ni
∫ Li
0
(hi)
2
αdθ = λi
∫
BFi(x0,ri)
h2i dµi,
where λi is the eigenvalue associated with (hi)α. The lowest possible value of λi is π2ri , which
can be obtained by explicitly solving ∂∂tu(t, x) = −u′(x, t) on [0, ri] with Dirichlet boundary
conditions at 0 and Neumann at ri. 
Step 5. The function previously obtained readily yields the desired equality.
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Lemma 6.8. Let f := Φ∗ihi. Then, f ∈ COi and∫
Oi
f2 dµ∞ =
2ri
π
EF∞Oi (f, f). (6.14)
Proof. By definition, supp f ⊆ Φ−1i
(
BFi(x0, ri)
)
= Oi. Thus, it follows from (6.9), Lemma 6.7
and Proposition 3.7 that f has zero average and∫
Oi
f2 dµ =
2ri
π
EF∞(f, f).
To show that EF∞(f, f) = EF∞Oi (f, f), notice that f ∈ C(F∞) ∩ FF∞ and supp f ⊆ Oi. Thus,
Lemma 6.5 yields f ∈ COi ⊆ FF∞Oi and EF∞(f, f) = EF∞Oi (f, f). 
Step 6. The equality in the previous lemma actually gives the best constant in the local
Poincaré inequality.
Lemma 6.9. For any f ∈ COi, ∫
Oi
f2 dµ∞ ≤ 2ri
π
EF∞Oi (f, f). (6.15)
Proof. Suppose that there exists f˜ ∈ FF∞Oi for which (6.15) does not hold. In that case, equality
in (6.15) will hold for f˜ with some constant Cf˜ >
2ri
π . Let us thus assume the latter is true.
Now, notice that supp f˜ ⊆ Oi implies that f˜ is zero on the boundary of Oi and also
f˜(x) = 0 ∀x ∈ Bi \ {x0}. (6.16)
Moreover, recall that Oi = Φ−1i (BFi(x0, ri)). Define.
g(x) :=
{
f˜(Φ−1i (x)) if x ∈ BFi(x0, ri),
0 else.
(6.17)
This function is continuous in Fi: for any open set A ⊆ supp g ⊆ BFi(x0, ri) ⊂ Fi we have
that g(A) = f˜(Φ−1i (A)) is again open because Φ
−1
i (A) ⊂ F∞ is open and f˜ continuous. By
assumption, following Lemma 6.9 and Lemma 6.7, g is an eigenfunction of the Laplacian LFi
with eigenvalue λf˜ = C
−1
f˜
< π2ri . But this is a contradiction to the fact that
π
2ri
is the lowest
eigenvalue of LFi , c.f. step 4 and the construction of hi. 
Step 7. We finish the proof of Theorem 6.6. Using Lemma 6.9, for any f ∈ COi we have∫
Oi
|f − fOi |2 dµ∞ =
∫
Oi
f2 dµ∞ − 1
µ∞(Oi)
(∫
Oi
f dµ∞
)2
≤
∫
Oi
f2 dµ∞ ≤ Ψ(Oi) EF∞Oi (f, f)
with Ψ(Oi) = 2riπ = 2Ji .
Appendix A. Functional framework
For the sake of completeness, this section briefly summarizes some facts obtained in [3] that
are mentioned in some of the proofs, especially in that of Theorem 5.1.
For each i ≥ 0, let L2(Fi, µi) denote the space of square integrable functions on Fi. For any
i ≥ 1, we decompose this space into
L2(Fi, µi) = L
2
sym(Fi, µi)⊕ L2sym⊥(Fi, µi),
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where L2sym(Fi, µi) denotes the invariant subspace of L
2(Fi, µi) under the action of the sym-
metric group S(ni)2ji .
Definition A.1. Let i ≥ 1. Define the projection operator Pi : C(Fi) → L2sym(Fi, µi) ∩ C(Fi)
by
Pif(x) =


1
ni
ni∑
w=1
f(φi(x)w) if x ∈ Fi \Bi,
f(x) if x ∈ Bi.
(A.1)
The orthogonal complement operator, P⊥i : C(Fi)→ L2sym⊥(Fi, µi) ∩ C(Fi), is defined as
P⊥i f(x) = f(x)− Pif(x).
Analogous formal definitions of these operators applies to bounded Borel functions.
Remark A.1. The projection Pi is related to the so-called integration over fibers in [23],
IDi : C(Fi)→ C(Fi−1) which in this case has the expression
Iif(x) := IDif(x) =
1
ni
ni∑
w=1
f(xw).
Thus, for any f ∈ C(Fi),
Pif(x) = φ
∗
i Iif(x). (A.2)
With the latter notation, the semigroups {PFit }t≥0 admit the following decomposition, that is
the L2-version of [3, Lemma 2, Section 5].
Lemma A.1. For any i ≥ 1, t ≥ 0, f ∈ Bb(Fi) and any fixed x ∈ Fi it holds that
PFit f(x) = P
Fi−1
t (Iif)(φi(x)) + P [0,Li]Dt (P⊥i f)|Iαx (φi0(x)),
where Iαx denotes the branch in Fi where x belongs to.
Appendix B. Useful equalities and inequalities
We record the following identities relating the heat kernel on an interval and on the circle.
Explicit computations can be fairly reproduced with a mathematical computing software.
Lemma B.1. The heat kernel on the unit circle admits the representations
pF0t (θ, θ˜) =
1√
4πt
∑
k∈Z
e−
(θ−θ˜−2πk)2
4t =
1
2π
+
1
π
∑
k≥1
e−k
2t cos(k(θ˜ − θ)). (B.1)
For any L > 0, the heat kernel on the interval [0, L] with Dirichlet boundary conditions admits
the representation
p
[0,L]D
t (θ, θ˜) =
2
L
∞∑
k=1
e−
k2π2t
L2 sin
(kπθ
L
)
sin
(kπθ˜
L
)
. (B.2)
Both heat kernels are related through the identity
p
[0,L]D
t (θ, θ˜) =
π
L
(
pF0
π2t/L2
(πθ
L
,
πθ˜
L
)
− pF0
π2t/L2
(πθ
L
,−πθ˜
L
))
. (B.3)
Lemma B.2. For any a > 0,
∞∑
k=1
e−ak
2 ≤ min
{ √π
2
√
a
,
1
a
e−a
}
. (B.4)
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Proof. The series can be estimated in two different ways. On the one hand,
∞∑
k=1
e−ak
2 ≤
∫ ∞
0
e−aξ
2
dξ =
√
π
2
√
a
.
On the other hand, since ak2 ≥ 2ak ≥ a+ ak for any k ≥ 1,
∞∑
k=1
e−ak
2 ≤ e−a
∑
k≥1
e−ak ≤ e−a
∫ ∞
0
e−aξdξ = e−a
1
a
.

Lemma B.3. For any θ, θ˜ ∈ [0, 2π) and t > 0,
|pF0t (θ, θ˜)| ≤
1
2π
+
1√
4πt
.
In particular, if t ∈ (0, 1),
|pF0t (θ, θ˜)| ≤
1√
πt
. (B.5)
Proof. In view of the second expression in (B.1),
|pF0t (θ, θ˜)| ≤
1
2π
+
1
π
∑
k≥1
e−k
2t ≤ 1
2π
+
1
π
∫ ∞
0
e−ξ
2tdξ =
1
2π
+
1√
4πt
.

Lemma B.4. For any a > 0,∫ ∞
a
1
ξ2
e−ξ
2tdξ =
1
a
e−a
2 −√πErfc(a) (B.6)
Moreover,∫ ∞
a
1
ξ2
e−ξ
2tdξ =
1
a
−√πt+ a · t− a
3t2
6
+
a5t3
30
− a
7t4
168
+O(t5) as t→ 0 (B.7)
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